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Abstract
In this paper, we study consequences of the assumption that the
gauge group SU(2) of the standard model is a non-associative image of
Spin(3). It turns out that such an approach allows to build the gauge-
Higgs unification group with the unification scale equal to electroweak
and obtain the value of the Weinberg angle in very good agreement
with the experiment.
1 Introduction
There are a huge number of the grand unification theories that predict the
values of various arbitrary parameters of the standard model (see, e.g., the re-
view [1]). A characteristic feature of all these theories is the presence of new,
not yet discovered gauge bosons associated with generators of the unification
gauge groups. It can be assumed that these particles are not discovered due
to the insufficient energy of accelerators, but this assumption encounters cer-
tain difficulties. In the standard model, the scale of electroweak symmetry
breaking acquires quadratically diverging radiation corrections, the ultravio-
let cutoff of which is of the order of the scale of the grand unification theory.
In view of the enormous difference between these two scales, it becomes nec-
essary to fine tuning of parameters of the theory, which looks unnatural. This
is usually referred to as the gauge-hierarchy problem [2].
The issue is whether one can find a model that avoids this unnatural fea-
ture. The best-known realization of this approach is based on supersymmetry
that cancel quadratic divergences in expressions for the running parameters
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of the standard model [3, 4, 5, 6]. More radical are models in which the ul-
traviolet cutoff is of the order of the electroweak theory scale. This is usually
achieved by adding a large number of new fields and to give up the perturba-
tion [7]. However, in both cases, the problem associated with the existence
of new particles remains unresolved.
This problem can be drastically solved by constructing a model in which
the unification scale is of the order of electroweak, and new particles are
absent. This idea was realized in the SU(3) × SU(3) and G2-models of
gauge-Higgs unification [8, 9]. However, the Weinberg angle predicted in
these models is very far from the experimental one. At the same time, a
certain modification of the idea of gauge-Higgs unification allows us to solve
the problem of gauge hierarchies and obtain predictions that consistent with
experiment.
2 Preliminaries
We recall that the algebra of octonions O is a real linear algebra with the
canonical basis 1, e1, . . . , e7 such that
eiej = −δij + cijkek, (1)
where the structure constants cijk are completely antisymmetric and nonzero
as c123 = c145 = c176 = c246 = c257 = c347 = c365 = 1. However, in our case it
is more convenient to use an alternative definition of the octonion algebra.
Let H be the quaternion algebra with the standard basis 1, e1, e2, e3 such that
eiej = −δij + ǫijkek. Then the vector space H ⊕ He is called the octonion
algebra if we define on it the multiplication
(a1 + a2e)(b1 + b2e) = (a1b1 − b¯2a2) + (a2b¯1 + b2a1)e, (2)
where b¯i is the conjugate to bi quaternion. In order to reconcile the definitions
(1) and (2), it is enough to put en+4 = ene.
Following [10, 11], we define the notion of representation in the octonion
algebra. Let La and Ra be the operators of left and right multiplication by
the element a ∈ O. Then a pair of linear mappings (L,R) : O → EndO
of the octonion algebra into the endomorphism algebra of the linear space
O is called the regular representation of the algebra O. The restriction of
the regular representation of the algebra O = H ⊕ He to the subalgebra H
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gives a regular representation of the quaternion algebra. It is defined by the
following system of equalities
Lab = LaLb, LaRb = RbLa, Rab = RbRa. (3)
A representation satisfying the system of equalities (3) is called associative.
In particular, if all the operators Ra in ((3) act trivially, then we have the
usual (left) representation of associative algebra.
An alternative representation example can be constructed if we consider
the subspace He in O and define the action of H on He as a restriction of
the regular representation of the algebra O. In this case, it follows from the
law of multiplication (2) that the action of H on He is determined by the
equalities
Lab = LbLa, Ra = La¯. (4)
Since this representation does not satisfy the system of identities (3), it is
called non-associative.
Now let G be the set of all elements of norm 1 in the quaternion algebra.
Since it coincides with the Clifford algebra Cl0,2(R), we may assume that G =
Spin(3). Then the equalities (3) and (4) induce the associative G → AutH
and the non-associative G → AutHe representations of G respectively. In
turn, the representations of the group G induce representations of its tangent
Lie algebra AG. It is easy to obtain these representations if we consider AG as
a subalgebra of the commutator algebra of H. Let the representation of G be
associative. Suppose Ta = La − Ra and consider the map T : AG → EndH.
Then it follows from (3) that
T[a,b] = [Ta, Tb]. (5)
This homomorphism defines an ordinary Lie representation of AG. Now let
the representation of G be nonassociative. Suppose again Ta = La −Ra and
consider the map T : AG → EndHe. Then it follows from (4) that Ra = −La
and therefore
T[a,b] =
1
2
[Tb, Ta]. (6)
Since this representation does not satisfy the system of identities (5), it is
called the non-Lie (Mal’tsev) representation.
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3 Higgs mechanism
To construct a gauge-invariant Lagrangian, it is usually required that the
covariant derivative Dµφ have the same transformation properties as the
field φ. This condition determines the well-known law of transformation of
gauge fields
A′µ = uAµu
−1 + u∂µu
−1, (7)
whose form does not depend on the field φ in the representation space of
the gauge group. However, this is true only when considering associative
representations for which (Aµu)φ = Aµ(uφ). Otherwise, the transformation
law of the gauge fields takes a different form.
Let G be the set of all elements of norm 1 in the quaternion algebra H.
We consider the action of G on He defined by the equalities (4) and we will
find the matrices Lek representing the generators ek of G. To do this, we
put φ1 = θ0 + θ3e3 and φ2 = θ2 − θ1e3 and consider the action of ek on
(φ1 + φ2e2)e on the left. Using (2) it is easy to show that φ1 and φ2 are
transformed exactly like the complex doublet φ = (φ2, φ1)
t under action of
2× 2 matrices
Lek = (−1)kiσk, (8)
where there is no summation over k and e3 plays the role of the imaginary
unit. Thus, we constructed the anti-isomorphism L : G → SU(2)L under
which the action of G on He induces the action of SU(2)L on φ.
On the other hand, the doublet φ = φ(x) can be identified with the Higgs
doublet. Indeed, consider the gauge-invariant Lagrangian
L = −1
4
F kµνF
kµν + (Dµφ)
†Dµφ+m2φ†φ− m
2
v2
(φ†φ)2, (9)
where the covariant derivative Dµφ = ∂µφ+LAµφ and the field Aµ = gA
k
µek.
We introduce the polar coordinates for scalar fields and represent the doublet
in the form
φ = Luφ˜, φ˜ =
(
0
v+λ√
2
)
, (10)
where u(x) ∈ G and the real field λ(x) have zero vacuum expectation value.
Now suppose that the transformation φ˜→ φ is infinitesimal, i.e. let u ≈ 1+θ
and θ = gθkek. Then it follows from (8) that the doublet
φ =
1√
2
(
0
v + λ
)
+
gv√
2
(
θ2 − iθ1
iθ3
)
+ . . . , (11)
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where nonlinear field terms are replaced by dots. Substituting (14) in (9)
and again using (8), we obtain
L = −1
4
(
∂µA˜
k
ν − ∂νA˜kµ
)2
+
g2m2
2
A˜kµA˜
kµ +
1
2
(∂µλ)
2 −m2λ2 + LI , (12)
where LI is the interaction Lagrangian and A˜
k
µ = A
k
µ+ ∂µθ
k. It is clear that
the free Lagrangian in (12) describes massive vector bosons with masses gv
and a scalar meson with mass 2m. Obviously, this is the usual Higgs mech-
anism to theories with the SU(2) gauge symmetry and a complex doublet.
Further, the infinitesimal transformation φ˜→ φ induces the infinitesimal
laws of transformation of the vector fields
LAµ = LA˜µ + [Lθ, LA˜µ ]− L∂µθ. (13)
Using the identity (4) and passing from the matrix representation to the
fields themselves, we obtain
Aµ = A˜µ − [θ, A˜µ]− ∂µθ. (14)
It is easy to show that the laws of transformation A˜kµ → Akµ of number fields
derived from (13) and (14) are identical. Therefore, instead of the SU(2)
gauge theory with the complex doublet, we can consider the equivalent to
it the Spin(3) gauge theory with a scalar field taking values in He. Note
that such transition keeps the values of the numerical fields and coupling
constants unchanged, though one leads to a change in the normalization of
generators of the groups.
4 Coupling constants
Let again G be the group of elements of norm 1 in the quaternion algebra and
AG be its Lie algebra. Further, suppose Aµ = g2A
k
µek is a vector field that
takes values in AG and A˜µ = (−1)kig2Akµσk is its anti-isomorphic image in
su(2)L. In the algebra AG, the Euclidean scalar product
1
2
(e¯iej + e¯jei) = δij
is defined. With the mapping ek → (−1)kiσk, it goes into the Killing form
Tr(σiσj) = 2δij. Comparing these two scalar products, we see that the
normalizations of the generators of G and SU(2)L are different in
√
2 times.
Consider the vector field Bµ = g1A
0
µe0 with e0 = −i which takes values
in the Lie algebra u(1). In order to relate the constants g1 and g2 we will
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look for an embedding of the Lie algebra su(2)L ⊕ u(1) in a simple compact
Lie algebra. To this end, on the (real) vector space V = O⊗C we define the
multiplication
(a+ e0b)(c + e0d) = (ac− b∗d) + e0(bc + a∗d), (15)
where (a1 + a2e)
∗ = a1 − a2e. This multiplication satisfies the following
two conditions. Firstly, the generators of G commute with e0 and secondly
U(1) acts on the doublet φ as in the standard model. The first statement is
obvious. To check the second, we will find the action of e0 on the element
(φ1 + φ2e2)e on the left. Using (15), we obtain the 2 × 2 scalar matrix
Le0 = −iσ0, which acts on the doublet φ in the required way.
Now we consider the algebra of multiplications M(V ), which is generated
by all operators of left and right multiplication by the element a+ e0b. From
the law of multiplication (15) it is easy to find the general form of such
operators
La+e0b =
(
La −Lb∗
Lb La∗
)
, Ra+e0b =
(
Ra −RbI
RbI Ra
)
, (16)
where the operator I acts on the elements of O according to the formula
Ia = a∗. Let us prove the following proposition.
Proposition 1. The algebra M(V ) is isomorphic to the algebra M16(R)
of all real matrices of size 16× 16.
Indeed, using (2) it is easy to show that (ab)∗ = a∗b∗. Therefore, the
map a → a∗ is an automorphism. But it is well known (see [11]) that any
automorphism of the octonion algebra is internal. Therefore, the operator I
is generated by the operators of left and right multiplication on O. On the
other hand, LeRe(a + e0b) = a − e0b. Therefore, M(V ) contains the matrix
diag(1, . . . , 1,−1, . . . ,−1). This and the formulas (16) imply that the algebra
M(V ) contains elements(
0 −1
1 0
)
,
(
Rek 0
0 −Rek
)
. (17)
Obviously, these matrices are mutually independent and anti-commutative.
It follows that the algebra M(V ) is a homomorphic image of the Clifford
algebra Cl0,8(R). Since the latter is isomorphic to the simple algebraM16(R),
this homomorphism is an isomorphism.
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It follows from the proposition that su(2)L⊕u(1) may naturally be embed-
ded in the simple compact Lie algebra so(9). The latter has a 16-dimensional
real spinor representation, but does not have complex representations. Nev-
ertheless, SO(9)-unification is possible with a certain modification of the idea
of the gauge-Higgs unification. Indeed, so(9) is the multiplication algebra of
the half-direct sum M˜ = u(1)∔M of the Lie algebra u(1) and the non-Lie
Malcev algebra M = {a ∈ O | a+ a¯ = 0}, where e¯k = −ek. This means that
any generator of SO(9) is some (generally non-linear) combination of the op-
erators Len −Ren , where en is a basis element of M˜ . On the other hand, the
Maltsev algebra M is the direct sum AG ⊕He of the Lie subalgebra AG and
the vector subspace He. Therefore, it contains only the numeric fields Akµ
and φk of the standard model. Hence, the algebra so(9) also cannot contain
new number fields. Thus, the unification is possible with one universal gauge
coupling and one family of quarks and leptons sitting in the 16 dimensional
complex representation of Spin(3)× U(1).
Now let g and g′ be the electroweak gauge coupling constants. Since for
the simple compact non-Abelian group normalization of generators is fixed by
the nonlinear commutation relations of its Lie algebra, we have g = g2 = g1
in a unification scale M0. On the other hand, the Lie algebra u(1) does not
impose any nonlinear restrictions on the generators of its group. Therefore,
the relation between the coupling constants g′ and g1 in the unification scale
M0 should have the following form
g1 =
√
10
3
g′. (18)
Since we are considering fields taking values in M˜ , and not in its Lie multi-
plication algebra, the normalization used here is non-canonical (as opposed
to the grand unification model normalization).
5 Unification scale
The conditions (18) are valid for the energy scale µ ≥M0. Now we study the
regime µ < M0. The evolution of the electroweak gauge coupling constant
controlled by the one-loop renormalization group equation
dα−1n (µ)
d lnµ
=
bn
6π
, (19)
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where
b1 = −2Nf − 3
10
, (20)
b2 = 22− 2Nf − 1
2
, (21)
Nf is the number of quark flavors, and α
2
n = g
2
n/4π. We have ignored the
contribution coming from higher-order effects since they does not affect the
final result. Expressing the low-energy couplings in terms of more familiar
parameters, we can represent the solutions of Eq. (19) as
α−1(µ) sin2 θµ = α
−1(M0)− b2
6π
ln
M0
µ
, (22)
3
10
α−1(µ) cos2 θµ = α
−1(M0)− b1
6π
ln
M0
µ
. (23)
Combining these equations and supposing µ = MW , we obtain
sin2 θW =
3
13
(
1− 109αW
9π
ln
M0
MW
)
. (24)
Using the tree-level mass relation
sin2 θW = 1− M
2
W
M2Z
(25)
and the experimental data (see [1])
MZ = 91.1876± 0, 0021 GeV, (26)
MW = 80.379± 0.012 GeV, (27)
α−1W = 128.029± 0.010 GeV, (28)
we get
M0 = 245.4± 8.3 GeV. (29)
Thus for the considered model, it can be argued that the unification scale
M0 is coincided with the vacuum expectation value
v = 246.2204± 0.0005 GeV. (30)
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Conversely, substituting αW and M0 = v into (24) and MZ into (25), we
obtain
MW = 80.3802± 0.0018 GeV. (31)
This excellent agreement with the experimental results. Substituting (31)
into (24), we find the value of the Weinberg angle which exactly matches
that given by the tree-level formula (25).
6 Conclusion
Despite the fact that the idea of gauge-Higgs unification was constantly
present in the present work, we cannot said that its result was the con-
struction of a new model. In fact, we were dealing with a standard model
and studied only consequences that a small modification of the latter leads
to.
One of these changes is associated with the replacement of the gauge
group SU(2) by Spin(3). Since these groups are isomorphic, such replace-
ment keeps the values of the numerical fields and coupling constants un-
changed, however it leads to a change in the normalization of generators of
these groups. The latter, in turn, shifts the scale of the grand unification to
the scale of electroweak symmetry breaking.
The second change of the standard model is more significant. We consid-
ered the group SU(2) as a non-associative image of Spin(3). This made it
possible to build the unification group without free parameters with which
new gauge bosons could be associated. The scale of the unification unex-
pectedly turned out to be equal to the electroweak. This made it possible to
obtain the Weinberg angle in very good agreement with experiment.
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